Quantum Monte Carlo simulations are used to investigate the twodimensional superfluid properties of the hard-core boson model, which show a strong dependence on particle density and disorder. We obtain further evidence that a half-filled clean system becomes superfluid via a finite temperature Kosterlitz-Thouless transition. The relationship between low temperature superfluid density and particle density is symmetric and appears parabolic about the half filling point. Disorder appears to break the superfluid phase up into two distinct localized states, depending on the particle density. We find that these results strongly correlate with the results of several experiments on high-T c superconductors.
further support for the superfluid KT transition of the hard-core boson model in the half filling case, and sheds light on density-modulation and localization effects in 2D superfluidity.
Our simulation results strongly correlate with recent experimental data in copper-oxide superconductors, including the T c vs. δ relationship and the nature of superconducting phase transition.
The Hamiltonian of hard-core bosons is expressed as operator S = (S x , S y , S z ) [5] .
To simulate the equilibrium state of such a qunatum system efficiently, we use the pathintegral approach based on the Suzuki-Trotter transformation [7, 8] . The 2D bosonic system (under periodic boundary conditions) is transformed to a 3D (torus with space and imaginary-time dimensions) classical system of boson world lines. Possible paths of the world lines are topologically characterized by particle number and winding number, where the winding number (W ) is defined by counting how many times the world lines wind around the torus in space directions. For the microcanonical ensemble of bosons (fixed particle density n b ), we carried out MC sampling of the world lines, by utilizing an algorithm previously developed for the spin model. ( See Ref. [7] for detail of the simulation method, and Ref. [14] for some technical remarks, respectively.) The superfluid density n s corresponds to the free energy change due to twisting the phase of order parameter along one lattice boundary, and this quantity can be computed directly from winding number fluctuations
in the path-integral representation [15] . For the MC sampling, together with conventional local moves of world lines, we also made global update of winding number W [11, 12] , such that all the transitions to different values of W are allowed. In contrast, most previous spin simulations [6, 9] were limited to a fixed condition of W = 0 while the particle number was variable. Since the present W -variable algorithm is ergodic regarding winding number, we can evaluate n s exactly for a finite-size lattice. This computational approach is complementary to earlier quantum MC studies [6, 9] and exact diagonalization study [13] on the similar model. Moreover, to get a clearer sign of the KT transition, we calculated the temperature derivative of n s using the fluctuation formula
where E is the total energy and β = 1/k B T . As seen in Fig. 1(c) , the peak value of ∂(βn s )/∂β grows rapidly near T = T KT , as the lattice size increases. In sufficiently large lattices, Eq. (3) reduces to the energy difference ∆E between periodic and antiperiodic boundary conditions.
It should be noted that, for the classical XY model, an analogously divergent sign of ∆E was used as a decisive evidence for the KT transition [16] . On the other hand, the peak value of specific heat tends to saturate at C v = 0.62(1) just above T KT with the increase in size, as shown in Fig. 1(c) . Although it is well known that free bose gas in two dimensions never condenses at finite temperatures, these numerical observations definitely support the view that the hard-core nature of interactions between bosons leads to the superfluid phase through the finite temperature KT transition, while the quantum fluctuations are rather significant at low temperatures. Figure 2 shows how the superfluid density depends on the bose-particle density and the degree of disorder (∆), at low temperature T = 0.25 t/k B . Note that the relationship between the superfluid density n s and the doping density n b is approximated well, although not exactly, by the parabolic form n s ∝ (n b − n 0 )(1 − n b − n 0 ) with some constant n 0 .
Here n 0 = 0.06, 0.13, 0.13, and 0.15 for various degree of disorder ∆ = 0, 1.0, 1.25, and 1.75, respectively. In comparison, in a one dimensional (1D) pure system, the exact result n s = sin(πn b )/π is obtained [17] . The symmetry about half filling is rigorous in both clean and disordered systems, since the model involves the particle-hole symmetry due to hardcore interactions. In the presence of disorder the parabola seems to be preserved, and in addition the onset of superfluidity can be found at a common value of n 0 ≈ 0.1, despite large reduction of maximum n s at the half filling. Since the transition temperature T KT is generally proportional to n s (T = 0) in the 2D system, the above parabolic property implies that the relation between T c and particle density takes a universal form, which is accompanied with a common offset density in the disordered case.
The disorder always localizes bosons to suppress the superfluidity. Nevertheless the disorder-induced localization appears to differ qualitatively between dense and dilute bose systems in two dimensions. Figure 3 shows the dependence of n s on disorder (∆) at a fixed low temperature. The superfluidity of the moderately dense (half-filled) system is insensitive to weak disorder. At stronger disorder ∆ > ∼ 2.5, the superfluidity disappears, but the size dependence is very weak even when the disorder is rather strong. This result is consitent with earlier studies [13, 18] In high-T c superconductors, chemical doping does not only result in carrier-density modulation, but also introduces some degree of microscopic disorder in the superconductive CuO 2 plane, although the latter effect has not been well elucidated experimentally. One remarkable feature commonly observed in experimental data is that the relationship between the transition temperature T c and the hole density δ (per unit cell) follows a common bell-type curve: T c (δ) rises above δ offset ≃ 0.05, reaches a maximum at δ Tc(max) ≃ 0.18, and falls down to zero at δ end ≃ 0.3. In addition, the T c -δ curve is symmetric about δ = δ Tc(max) , possibly implying some hidden symmetry. These experimental features strongly correlate with the results presented in Fig. 2 . Furthermore we theoretically obtained the universal parabolic curve, similar to the ansatz proposed in Ref. [2] . By simply assuming that the boson particle density scales with hole density as n b = (δ/2)(ξ ab /l ab ) 2 with a unit cell size l ab ≃ 4Å, we get n b ≃0.16, 0.56, and 0.94 for δ offset , δ Tc(max) , and δ end , respectively. This is also consistent with the computational results. Thus, the existence of parabolic symmetry and the consistency of characteristic values of m * b and δ strongly suggest that superconductivity within individual CuO 2 layers is caused by 2D superfluidity of local bosons moving in somewhat disordered media.
To summarize, our quantum Monte Carlo simulations have provided further support that the 2D hard-core bose gas undergoes a KT transition to become superfluid, and that the low temperature superfluid density shows a parabolic-like dependence on particle density.
In disordered systems, we have shown that the bosons localize differently in the dense and 
